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Classical information systems are introduced in the framework of measure 
and integration theory. The measurable characteristic functions are identified 
with the exact events while the fuzzy events are the real measurable functions 
whose range is contained in the unit interval. Two orthogonality relations are 
introduced on fuzzy events, the first linked to the fuzzy logic and the second to 
the fuzzy structure of partial a Baer*-ring. The fuzzy logic is then compared 
with the “empirical” fuzzy logic induced by the classical information system. 
In this context, quantum log& could be considered as those empirical fuzzy 
logics in which it is not possible to have preparation procedures which provide 
physical systems whose “microstate” is always exactly defined. 
At present fuzzy theories are assuming importance in a wide variety of 
scientific branches such as “information theory,” “pattern recognitions,” 
“theoretical physics,” and so on. 
As to the last, the kind of “fuzziness” which interests us, regarding both 
classical and quantum physics, concerns the fact that the actually realizable 
experimental apparatuses, which are concretely realizable in practice, suffer 
from a not eliminable noise, suggesting strongly that these devices are “fuzzy.” 
According to Giles [9], “The phsical significant assertions of classical or quan- 
tum mechanics must refer to physical or concretely realizable devices, for no 
other devices can actually be realized. Thus the concept of a [fuzzy] device must 
appear in the theory. It is a serious fault of conventional quantum mechanics 
(and, for that matter, of classical mechanics) that this concept is not present.” 
Usually it is assumed that, at Ieast in principle, it is always possible to get such 
technological refinements in experimental apparatuses to yield measures of a 
single observable as being produced by “exact” devices. In this way a theory 
describing this practical situation can be based upon “exact algorithms” without 
appreciable damage and consequently the corresponding fuzzy “machinery” 
could be neglected. This is not right at all, for a fuzzy mathematical theory gives 
useful information about the underlying exact structure and, at any rate, it is 
often interesting to see, as “exact” mathematical objects can be approximated, 
for instance, by sequences of Yuzzy” objects of the same kind. 
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Since a physical theory consists of a mathematical structure together with a 
set of rules of interpretation, these last results al so give us interesting information 
about the feature of realistic, i.e., imperfectly accurate, devices which provide 
sharper and sharper approximation of exact, i.e., idealized, devices. 
In this work we deal solely with the fuzziness involving a classical information 
system, that is, a mathematical structure which could provide the formal scheme, 
for instance, of classical probability theory or, also, of classical statistical mecha- 
nics of a well-singled-out physical situation. In particular, the exact events turn 
out to be the measurable subsets of a measurable space and they are identified 
with the corresponding characteristic functionals. The order properties of the 
exact events are studied in Section 2, emphasizing those features which could 
successively be generalized to the fuzzy case. Fuzzy events are then introduced 
in Section 3 according to the Zadeh approach to these questions, and then their 
intrinsic ordered, or, more generally, algebraic, structures are taken into account. 
In this way, we agree with the De Luca and Termini program of developing the 
“algebraic analysis” of fuzzy set theory presented in [3] and carried on in [4]. 
In particular, we stress that the set of fuzzy events is a distributive o-lattice 
with two possible weak orthocomplementations, one of which is the generaliza- 
tion of the usual orthocomplementation defined on exact events and the other 
the Brouwerian orthocomplementation. Introducing the set of complex fuzzy 
events and extending in a natural way the traditional definition of fuzzy event, it 
is shown that they form a Baer*-semigroup according to Foulis (see [S, 6]), which 
is also a partial Baer*-ring relative to a sum operation defined only for couples 
of mutually orthogonal elements. 
This last result is very interesting since it is obtainable in more general 
situations, such as the Hilbert space model or as the generalized probability 
(or quantum logic) approach to (nonrelativistic) quantum mechanics. In fact, 
we shall check in other works of ours that in these cases we can yet 
introduce the set of complex fuzzy events with an algebraic structure of partial 
Baer*-ring. 
Moreover, the corresponding fuzzy events in the Hilbert-space approach to 
quantum mechanics enclose the fuzzy events considered by Prugovecki (see [15]) 
and the localization of fuzzy events introduced in [17, 181. These Hilbert fuzzy 
events are strictly linked to the operations of filtering processes of the operational 
approach to quantum probability introduced by Davies and Lewis in [2], in 
agreement also with the Pool axiomatic approach presented in [14]. 
1. CLASSICAL INFORMATION SYSTEMS 
A classical information system on a nonempty set I’ is a structure (g(r), 
N(r), 9’(r), P) which we shall proceed to introduce axiomatically in the 
present section. In the first place, it must satisfy the following: 
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hIOM 1. d(r) is a a-algebra of sets on r, i.e., &p(r) is a family of subsets of 
T such that 
(1.9 4 E WI; 
(1 .ii) if E E d(r) then EC E &(I’); 
(I .iii) if (E,: n E Nj is a countable set whose elements belong to &(I’) then 
uE, also belongs to b(r). 
It is a trivial consequence of this axiom that I’E b(r) and nE,, E &‘(n also. 
A mapping f: T + C is said to be measurabZe iff f-l(d) E b(r) for every 
A E B(C), where S?(C) is the natural Bore1 u-algebra on @. 
Of course, if fn: T-t @, f: r ---f @, and g: r+ C are measurable mappings 
then the following mappings also are measurable: 
(1) (f-t-g)(x) :=f(d +gw; 
(2) (Af) (4 : = hf (4; 
(3) (f.g) (4 :=f(4 .g(x); 
(4) sup fn : = sup{&(x): X E q; 
(5) inff, ;= inf{fn(x): x E rj; 
(6) f(x) :=fa; 
(7) Ifl(4:=If(4I* 
Let A be a subset of F, the characteristic functiwal xA: r + @ of A is defined 
by the law 
XA(X) : = 0, x$A 
.- .- 1, XEA, 
and xa is measurable iff A is an element of b(r). 
The spectrum of a measurable mapping f: r+ C is the Bore1 subset of @ 
obtained by the closure, with respect to the natural topology of C, of the range 
off: 
u(f) := cl ran(f) = cl(f(x)EC: xer). 
The resolvent off is the open subset of @: 
P(f) : = Q=Mf). 
A measurable mapping is said to be bounded iff u(f) is a bounded (closed) 
subset of @, while it is said to be real iff u(f) C R. For instance, for every 
E E E(r), the characteristic functional xE is a real bounded measurable mapping 
for which u(& C (0, I}. 
Let f : I’--+ C be a measurable mapping and U: @ -+ C a Bore1 function; then 
(U 0 f): r--+ @, defined by (U of) (x) := u(f(x)) is a measurable mapping. 
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AXIOM 2. h’-(r) is a set of measurable mappings such that: 
(2.;) xE E N(r> for every E E 8(F); 
(2.ii) iffy N(r) then (u of) E &-(I’) for every Bore1 function u; 
(2.iii) if f and g are in J(r) and h is any complex number, then f + g, Af 
f -g, f, and 1 f 1 are also in N(T); 
(2.k) if {fn: n E N> . zs a sequence of elements of M(r) then sup(fn) and 
inf(fn) belong to N(r). 
We shall denote with O(T) the set of all the real elements of N(r). 
A finite measure on c?(T) is a mapping p: E(r) -+ R, such that 
(fm.i) p(T) < $-cc; 
(fm.ii) &E,) = C p(E,) f or every countable family of mutually disjoint 
elements on g(r). 
From this definition we get that a finite measure also satisfies the conditions 
(8) E1 _C E2 implies &!?i) < p(E*); 
(9) P(E) + @=) = 40; 
(10) p(o) = 0. 
Moreover, if f is a bounded measurable function, then for every p E .2(T) 
there exists the integral 
(11) p(f) :=ji-fd~T 
and this quantity is real if f is real. If f is a measurable function, we generalize 
notation (11), denoting also with p(f) the integral Jrf dp, if it exists. 
Axronr 3. 9(r) is a nonempty set of jinite measures with the folloewing pro- 
perties: 
(3.i) (Completeness property). For every E E &(I’) these exists pLE E @I’) 
such that pE(E) = &-‘); 
(3.ii) (distinguishing property). Let fi , fi E N(T) with fi bounded, then 
p(fi) = p(fJ for every I* E a(T)-implies fi(x) = f*(x) for every .Y E r; 
(3.iii) (order determining property). If E1 , Ez E &(r) then p(EJ .f p(EJ 
for every p E a’(r) implies E1 C E2 . 
A classical information system is said to have the mixing property zT for the set 
a(r) the additional condition 
(3.iv) p1 + p2 E 9f(r)for every pL1 and pLz belonging to a(r); Ap E .@(T) for 
every h E R, and every p E .98(r) 
holds. 
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From a physical point of view the previous axioms can be used to describe a 
quite usual experimental situation regarding a certain physical system, which 
can be prepared under well-defined and repeatable conditions and on which can 
be performed certain yes-no observations, i.e., observations giving only two 
possible answers (either yes or no) as a result of their measure. The elements of 
.8’(r) represent the ehmmtay (exact) events of this physical situation and any 
element of a(r) is an (exact) ewent or an (exact) yes-no experiment. The elements 
of 9’(r) describe the concretely realizable preparation procedures of the system 
under examination. Therefore, a couple (p, E) E B(r) x 6’(r) represents an 
elementary expe-riment consisting of a preparation part p and a yes-no observation 
part E. The real quantity &C) is the intensity or frequence of yes occurence of the 
event E when the system is prepared according to CL. 
P(p, E) = ;$ . 
Under these conditions, the mapping 
P: .5%(T) x S(F)+ [O, 11, (p,E)+P(p,E):=‘$ (12) 
is the probability of occurrence of E if the preparation of the system is made 
by P- 
The various obserwable quantities, which can be concretely measured on the 
system, are represented by the elements of Jr/-(r) which are real measurable 
mappings, i.e., by the elements of B(r). 
The quantity 
if it exists, is interpreted as the expectation or average value of the observable f 
when the system is prepared by the procedure p. 
Of course, CL&) = lr xE dp = p(E), and therefore we get that 
(P; XE) = P(cL, E) E LO, 11, (14) 
and in the following we shall also use the notation 
P(P, XE) := (CL; XE) = P(P, ~3. (15) 
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2. ORDER PROPERTIES OF EXACT EVENTS: ORTHOGONAL PROJECTIONS 
In this section we shall consider the properties of a classical information 
system from the point of view of a partial order, which can be introduced on the 
family of exact events. The results obtained will allow us to introduce the set of 
fuzzy events as a natural generalization of the notion of an exact event. 
It is not difficult to prove the following: 
PROPOSITION 2.1. Let I’be a nonempty set and let C?(T) be a a-algebra of subset 
of F; then 
(g(r), c, m, r, q 
where C is the usual inclusion relation and .c, the complementation mapping on sets, 
is a boolean a-lattice with least element B and geatest element r. 
More exactly, C is a partial order (poset, for short) relation on Q(r), i.e., it 
satisfies the conditions: 
(0r.i) E C E for every E E c?(r); 
(Or.ii) E1 C E2 and Ez C E1 imply Er = E,; 
(Or.iii) E1 C E? and Ez C ES imply E1 C ES. 
The poset e(r) is bounded because there exist ~3 and rE 6’(r) such that 
B CECI’ for every E E a(r). 
Moreover for every countable family {En: n E N> of elements of 8(f) there 
exist the lub and the glb with regard to the order relation of set inclusion, i.e., 
the following conditions are satisfied: 
(a1.i) lub{E,: n E N} = u{E,,: n E NJ; 
(ul.ii) glb{E,: n E N) = n(E,: n E Nj. 
In this manner 6(r) is a u-lattice. 
The complementation mapping .c: t(r) -b(r), which assigns to each ele- 
ment E of b(r) the set E C = r\E E b(r), is a (strong, nondegenerate) ortho- 
complementation [I], because the following obvious properties hold: 
(0c.i) (EC)C = E for every E E a(r); 
(Oc.ii) EI C E, implies EzC C Elc; 
(Oc.iii) E u EC = r for every E E G”(T). 
At last, the following mutually equivalent distributive properties are easy to 
prove: 
(d.i) E1 n (Ez u E3) = (E1 n E2) u (El n E3) for every E1, EP, ES E &(n; 
(d.ii) E1 u (Ez n ES) = (E1 u E& n (E1 u ES) for every E1, E3, EI E&(r). 
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Two exact events E1 and E, are said to be orthogonal or mutually disjoint, 
written E1 J- E, , iff E1 C Etc (or equivalently, E, C Elc or E1 n -F, = 0); 
1 is a (strong and nondegenerate) orthogonality relation on d(r) [l]. 
The set b(r) of exact events can be considered a poset with regard to an 
order relation quite different from the one introduced in Proposition 2.1. 
Precisely, if we define the binary relation 
E1 GE, iff CL(~) G t-4-4) for every p E O(Q (1) 
then < is obviously reflexive and transitive and, by (3.iii), isalso antisymmetric. 
The poset (a(r), <) is bounded by the least element 0: 0 < E for every 
E E a(r), and by the greatest element r: E ,< r for every E E &Y(r). In fact 
o=P(0a)<Pw<P(r? for every p E 9?(r). (2) 
PROPOSITION 2.2. The mapping 
c?(r) + a(r), E-+E’:=r\EzEC (3) 
is an orthocomplementation on (&(I’), <, a, IJ. Indeed, the following properties 
hold: 
(E’)’ = E for every E E 6(r); (4) 
4 < Ez implies E; < E; , (5) 
and denoted with E1 v E2 and E1 A E, , respectively, the lub and the glb of {El, E,), 
if they exist, with regard to the order relation (I), give us 
EVE’-r for every E E G(r). (6) 
Proof. We shall prove (5) and (6). 
Let E1 < E*;; then p(E,) ,( &!?& f or every p E 97(r). But 0 < p(E,) + p(Ei) 
= 140 and &%) + CL(&) = ~47 imply 0 G 44) + cc(Ei) = ~6%) + CL(-G) 
for every p E a(r). Therefore p(Ei) < p(Ei) for every TV E a(r), i.e., Ei < E; . 
Let us consider {E, E’} and let e be an upper bound of {E, E’}, i.e., E < 8 < I’ 
and E’ < l? < I’. Then we get p(E) < ~(8) < pL(q and @‘) < &!?) < CL(r) 
for every p E a(r). From this result and from (3.iii) itfollows that E C I? C r 
and EC C ,!? C r, and then 
from which we get ,!? = r. Therefore E v E’ = I’. 
The orthocomplemented poset (b(r), <, 0, r,.‘) is obviously, isomorphic 
to the Boolean u-lattice (a(r), C, iz~, I’, .“) because (3.iii) and (8), Section 1, 
imply 
El C Ez iff 4 < Es (7) 
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and, moreover, 
EC = E'. 
Therefore, (b(o, <, 0, I’, .‘) is also a Boolean u-lattice for which 
V{E,:TZEN} = u{E,:n~R4)) 
h(E,:n~hJ} = n{E,:nEN}. 
(8) 
The orthogonality relation induced by the orthocomplementation (3) is now 
expressed by the proposition 
4 I 4 ifi 0 < ~(4) + P(J%) d cl(r) for every p E 99(r>. (9) 
With the aim of introducing fuzzy events, we consider now a Boolean 
u-algebra, whose elements are the characteristic mappings of all the exact 
events. A measurable function is said to be an orthogonal projection iff 2 = f. 
From this definition we get 
PROPOSITION 2.3. Let f : T-+ @ be a measurable mapping; then the following 
propositions are equivalent: 
(i) f is a projection; 
(ii) a(f) CPA 1); 
(iii) there exists E E 8(r) such that f = ,ye . 
In the following, the set of all projections is denoted by n(r), i.e., n(r) = 
(xE: E E a(r)}. From the previous proposition and Axiom 2 it is obvious that 
n(r) c o(r). (10) 
Moreover, it is easy to prove that 
x: a(r) - wn E-+XE (11) 
is a one-to-one mapping from B(r) onto n(r). 
Setting for short 0 : = x6 and 1 : = xr, the set of projection observables can 
be considered an ordered structure (17(r), C, 0, 1, ‘) if we introduce the order 
relation 
XE1 c XE, iff XEJ4 G x&4 for every x E r (12) 
and if we define 
(id = 1 - XE . (13) 
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In this manner n(r) turns out to be a poset bounded by 0 and 1 with ortho- 
complementation. From this orthocomplementation we induce (see [I]) the 
othogonality relation: 
XE1 I XE, iff XEI c (x& (14) 
Trivially, conditions (12) and (14) can be equivalently written in the following 
way: 
XE1 c XE, iff xE1 = xEl * XE,; (124 
xq 1 XE, iff 0 < XE1(4 + XE@) < 1 for every x E c (14a) 
or 
xEl IxE2 8 0 = XE1 - XE, . WI 
This being stated, it is easy to prove the following result, which shows that the 
mapping introduced by (11) is an isomorphism between Boolean u-lattices: 
PROPOSITION 2.4. Let xE, and xE, E 17(r); then 
(0 4 C E2 $7 XE, C XE,; 
(ii) XEC = (xE)‘; 
(iii) 4 I 4 ;sf XE, I XE; . 
The behavior of 17(r), in relation to algebraic operations on functions, is 
given by the following properties: 
xq + XE, E w> iff xE1 dm x&i 
XE1 * XE, E W) for every XE~, xE, E n(r); 
letE# 0;then 
AXE E w-) itI XisOor 1. 
In particular, if xE E 27(r) with E 3 0 then --xE $ L!(r). 
With regard to the order relation (12) we have that 






We can also consider a structure (17(r), <, 0, 1, ‘), where the order relation 
is defined by 
XE, < XE, ifi dxE1) < /-‘FL(xE,) for every p E W(r) (20) 
w9/7+I6 
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and the orthocomplemented element associated to xE is (&’ = 1 - xE; but the 
axioms of a classical information system assure us that this structure is iso- 
morphic to those we have seen in the present section. 
At any rate, in conclusion, the previous results allow us to identitfy B(r) with 
II(r) as a Boolean u-lattice, considering E and xE as the same element. Further- 
more, this is physically justified by the fact that the occurrence probabilities 
P(p, E) = P(p, x,J are the same for every preparation procedure p E ,!%(I*), and 
then the event E and the projection observable xE are not distinguishable by 
experiment built up inside our classical information system. 
3. FUZZY EVENTS 
From the consideration of the previous section it is natural to define a fuzzy 
eoent as any observables FE U(r) such that a(F) C [0, 11. Equivalently, a fuzzy 
event is a measurable mapping F: r-+ [0, l] belonging to M(r>. From this 
definition we get that 
and then 
0 < dF) < 1 
‘EL(I)’ 
for every p E 99(r). 
Therefore, denoting by S(r) the set of all fuzzy events, the exact events are 
also fuzzy events: 
n(r) c qo, (1) 
and we can introduce the mapping 
P: A@(r) x s(r) -+ [O, l] 
defined by the law 
P(p;F) := $q = (p:F), 
which can be interpreted as the probability of occurrence of the fuzzy event F 
when the system is prepared according to the procedure /.L 
The identification between the Boolean a-lattices 
&(I-) = n(r), E = xE 
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shows that the restriction to A?(r) x d(r) of the mapping P defined by (2) 
is exactly the mapping P defined by (15), Section 1: 
qp; XE) = P(tL; a 
Paraphrasing the Zadeh definition of a fuzzy set [22], we can say that a fuzzy 
event is an “event” with a continuum of grades of membership. Indeed “afuzzy 
event F in r is characterized by a membership measurable function F(X), which 
associates with each point in r a real number in the interval [0, 11, with the 
value of F(x) at x representing the grade of membership of .T in F.” 
In this mammer, I‘(...) the notion of a fuzzy [event is] a convenient point of 
departure for the construction of a conceptual framework ‘.. [which] ... provides 
a natural way of dealing with problems in which the source of imprecision is 
the absence of sharply defined criteria of class membership (...)“. These con- 
siderations agree with the remark that “more often than not, the classes of 
objects encountered in the real pysical worl do not have precisely defined criteria 
of membership. (...) Nevertheless, the fact remains that such imprecisely 
defined classes play an important role in human thinking.” 
Of course, an exact event is characterized by a membership measurable 
functional which can take on only the two values 0 and 1, i.e., by the characte- 
ristic functional of a certain element in 8(r). 
The notion of “belonging,” which plays a fundamental role in the case of 
ordinary [events], does not have the same role in the case of fuzzy [events]. Thus 
it is not meaningful to speak of a point x “belonging” to a fuzzy event F except 
in the trivial sense of F(x) being positive [i.e., .Y EF-l((0, I])]. 
More exactly, one can say that “N belongs to F” iff F(x) = 1; “x does not 
belongs to F” iff F(x) = 0; and “x has an indeterminate status relative to F” 
iff 0 <F(x) < 1. Introducing the three truth values: T(F(x) = I), F(F(x) = 0), 
and U(0 <F(x) < I), this leads to a three-valued logic. 
According to these considerations we can assign to each fuzzy event F two 
exact events 
&n(F) ; = F-‘((11) 
EM(F) : = F-l((0, I]) 
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Figure 1 represents an exemplification of these concepts. A couple (E, F) E 
a(0 x 9(r) is said to be an associated couple of exact-fuzzy events iff 
E,,,(F) C E C -G(F). (3) 
From the distinguishing property of bounded observables (3.ii), we have that, 
for two fuzzy events, 
Fl = F2 iff p( Fl) = p( F2) for every p E B(r), (4) 
and therefore we can introduce the order relation on 9(r) defined by 
4 < F2 iff 14 FA 6 P( FJ for every p E g(r), (5) 
which is the extension of (20), Section 2. 
We remark that, while F1 = F, in (4) means that F,(x) = F,(x) for every 
x E r, in general, the relation Fl ,< F, in (5) does not imply F,(x) < F2(x) for 
every x E r. In this way the order relation 
Fl <F, iff /4Fd < PL(F,) for every p E g(r), (5) 
which is the extension of (20), Section 2. 
We remark that, while Fl = F, in (4) means that F,(x) = F,(x) for every 
x E I’, in general, the relation Fl < F2 in (5) does not imply F,(x) <F.&V) for 
every x E l? In this way the order relation 
Fl C F2 iff F,(x) <F,(x) for every N E r, (6) 
which has been introduced by Zadeh [22] is different from (5) and, evidently, 
the following relations hold between them: 
implies 
iff 
Fl <F, 3 Fl and F2 EF(~); (7) 
E, < 4 7 El and E2~8’(I’), (8) 
where El C E, stands for xc, C xEZ . 
Generalizing the conclusions of Section 1, a couple (II, F) E B(T) x 9(r) 
represents an actually realizable lementary experiment consisting of a prepara- 
tion part p and a yes-no fuzzy observation part F. The probability of occurrence 
of the fuzzy event F, if the physical system is prepared according to p, 
is expressed by 
CL(F) h-F+ P&,F)=---=-. 
CL(~) Jr 1 dp 
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Like exact events, which can be considered exact yes-no observables, fuzzy 
events are yes-no observables for which the experimental noise present in any 
concretely realizable apparatus is taken into account. 
Quoting Giles [9], “It is clear that no actua2 device behaves [exactly]. Rather 
[...I a real spectrometer is characterized by a probability of response which is at 
least a continuous function [...I; for near the ends of its range the signal becomes 
dominated by noise, so that the probability of response drops continuously 
from 1 to 0.” 
This continuous underlining, that fuzzy events represent real, actual, con- 
cretely realizable xperiments, means that we are dealing with a physical 
theory which describes the realistic feature in the physical inquire of nature. 
Among other things, this is the reason for which we have not assumed that all 
the finite measures represent actually realizable physical preparation procedures 
and that all the measurable functions represent actually realizable observation 
procedures. Is is the analysis of each particular physical situation which allows us 
to set up a one-to-one correspondence between a certain class of actually 
realizable preparation (observation) devices and a corresponding element of 
W) v-m). 
4. CLASSICAL FUZZY LOGIC OF DEGENERATE TYPE 
Concerning the order (6) the poset (.F(F), C, 0, 1) is a distributive a-lattice 
with degenerate orthocomplementation. 
In fact, denoting with FI u F, the lub of {FI , F,} and with FI n F2 the glb of 
{FI , F,}, we now shall show: 
PROPOSITION 4.1. 
Fl u F2 exists in (F(T)?, C) and FI u F2 = sup{F, , F2>; (1) 
FI n F2 exists in (9(T), C) and FI n F2 = inf{Fi , F?,. (2) 
Proof. By (2.iv) sup(F, , F2} and inf(F, , F,} are elements of N(r), and if 
FI , F, E g(r) then inf(F, , F,} and sup{F, , F2} are also elements of S(r). 
(supIF, , F2) (x) E [0, I] for every x E r). 
On the other hand, sup{F, , F2} is an upper bound of {FI , F,} since FI , F, C 
sup{F, , F2}. Furthermore, if 13 is any fuzzy event which is an upper bound of 
{FI , F2) then 
F,(x) < P(x) for every x E r, 
FAX) < &4 for every x E r, 
and hence sup(F, , F2} (x) < p(x) for every x E r, i.e., sup{F, , F2} C P, which 
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implies F1 u F, = sup{F, , F,). Analogously, it is easy to prove that F1 n F2 = 
inf(F, , F,}. 
Generalizing the procedure of the previous proposition, we can also prove that 
(0.1) u{F,: n E N> exists and ~(8’~: n E N} = sup{F,: n E N} 
(0.2) n(F,: n E N> exists and n{F,: n E N} = inf(F,: 71 E N>. 
The u-lattice (S(r), -C) is distributive. 
Indeed, it is easy to prove the following properties: 
4 u 6 n 4) = PI u 5) n (6 u FJ for every F1 , F, , F3 , 
E; n (Fz u FJ = (Fl n F2) u (Fl n F3) for every F1 , F, , F3 . 
(3) 
(4) 
PROPOSITION 4.2. The mapping 9=(r) + S(I’), F -+ F’ = 1 - F is a strong 
degenerate orthogomplementation for the poset (F(r), C, 0, l), i.e., it satisfies the 
conditions: 
p” =F, (5) 
Fl C Fz implies F;CF;. (6) 
Proof. Since 1 E S(r), the condition (2.iii) ensures that for every F E 9(r) 
the mapping (1 - F) also is an element of N(r). Moreover, it is ~(1 - F) L 
[0, l] and then (1 - F) E S(r). Obviously F” == F, and let 0 <F,(x) <F,(x) < 1 
for every zc E c then we get 0 < 1 - F&x) < 1 -F,(s) for every x E I’. 
PROPOSITION 4.3. F u F’ = 1 # a(F) C (0, 1) $7 FE &(I’). 
Proof. If F u F’ = 1 then sup{F(x); 1 - F(x)} = 1 for every N E r and then 
eitherF(.r) = 1 or 1 -F(x) = 1 f or every N E I’, i.e., eitherF(m) = 1 orF(x) = 0. 
According to [I], the degeneration property of an orthocomplementation 
satisfying conditions (5) and (6) consists in the fact that the orthocomplementation 
Kernel Jr(‘) := {FER(I’):F CF’} d oes not coincide with the trivial set {O}. 
Concerning this degeneration, we shall now prove 
PROPOSITION 4.4. In a poset (F(T), C, 0, 1, ‘) with degenerate orthocomple- 
mentation, the following conditions are mutually equivalent: 
(do.i) Jlr(‘) = (0); 
(do.ii) F n F’ = 0 for every F E 9(r); 
(do.iii) F u F’ == 1 for eveyv F E 9(r). 
Proof. Indeed let F,, CF and F0 C F’, then from this second relation it 
follows that F” = F c Fi . This result and F,, C F get F, C Fh . Therefore, if F, 
is a lower bound of {F, F’) then F, EN(‘) and if (do.i) is true then F, = 0, 
concluding that F n F’ = 0 for every FE Y(r). Assuming now the validity of 
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(do.ii), let F, IF’ and F, 1 F; then by (5) and (6), Fi C F and Fi 2 F’, and thus 
Fi = 0 is a consequence of (do.ii). In this case we get F,, = 0’ = 1. That is, the 
unique upper bound of {F,F’} is 1, i.e., F u F’ = 1. Al last, if F, E .N(‘), i.e., 
F,, CFi , then trivially F,, u Fi = Fi and if (do.iii) s true, from this result we 
get Fi = 1 from which F. = 1’ = 0 follows, that is, N(‘) = {O}. 
Concerning the orthocomplementation Kernel we get the following result: 
PROPOSITION 4.5. M(‘) := (FE S(r): a(T) C [0, +I}. 
Proof. Let FE .N(‘); then F CF’ implies F(x) < 1 -F(x), Vx from which 
0 < 2F(x) < 1 follows, and then 0 <F(x) <&. On the contrary, if F E S(r) is 
such that 0 < cl(range(F)) < 4 then we have 0 <F(x) < 4, Vx from which we 
get 0 <F(x) + F(x) < 1, i.e., 0 <F(x) < 1 -F(x), ‘ix. 
COROLLARY. A--(') = {O} i# S(r) == g(r). 
Proof. Jr/-(‘) = {0} implies F u F’ = 1 for every F and then, from Proposi- 
tion 4.3, we get FE b(r). 
Remark. The equivalence between the propositions “M(l) = (0)” and 
“F u F’ = 1 for every FE 9(r)” implies that the orthocomplementation 
introduced in Proposition 4.2 is not degenerate iff .9(r) = a(r). 
From this degenerate orthocomplementation it is possible to induce a dege- 
nerate orthogonality relation 
4 IF, iff F,CF;, (7) 
which is an extension to 9(r) of the orthogonality relation defined in Section 2 
by (14.a); indeed, 
Fl 1 F, iff 0 <F,(x) + F*(x) < 1 for every x E r. (8) 
Also, properties (15), (17), Section 2, are extended in the following way 
Fl + F, E 9(r) iff &IF,, (9) 
and in this case we shall often write F -j-F. 
Fl . Fz E P(T) for every Fl , F2 E g(T), 
A E P, 11 and FEFV9 imply AF E 9(r). 
(10) 
(11) 
In the following (F,: n E N> ltot stands for 0 < EnEN F,(x) < 1 for every 
x E F while {F,: 12 E N} 1 will denote the fact that Fi 1 Fl for every i # j. 
538 GIANPIERO CATTANEO 
Of course 
{F,: n E N} itot ifi 1 Fn E 90 (12) 
IEN 
i&z: n E W ltot implies (F,: n E N} I. (13) 
On 9(r) we can introduce other operations. In the first place, we define 
the disference F,\F, of two fuzzy events as 
F,\F, : = FI . F; = FI . (1 - F,), (14) 
which still is a fuzzy event. This last result assures us that the sum 
FI@F,:=F,+F2-FI.F, (15) 
of two fuzzy events is a fuzzy event. 
Indeed, F2 < 1 implies F2 . Fi <F; = 1 - FI and then 
From (15) it follows that 
and then 
4 OF, =h\Fz +F,\F, iF, .F, 
=F, tF,\F, (16) 
=F, tF,\F, 
fF,\F, , F,\F, ,4 -F,} hot . (17) 
In the case of exact events E1 and E2 , the relation (16) expresses the trivial 
property E1 u Es = (E, U Ezc) u (E2 A EIc) U (E1 n E,). 
Moreover, there are some interesting relations between the ordered structures 
of fuzzy and exact events with regard to the mappings introduced in Section 3: 
which assign to each fuzzy event the corresponding least and greatest exact 
event, respectively. 
In the first place, Em and EILi are order preserving because they satisfy 
FI CF, implies E,,(F,) ~2 Em(&); (18) 
FI CF2 implies E,dFd C EdFJ. (1% 
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Relative to the u-meet and the u-join operations defined by (a.1) and (a.2) 
we get that Em and EM are morphisms of u-lattices, i.e., 
E&Q = nE,(4), (20) 
Enn(n F,> = nE,( F,), (21) 
K$J~J = UJ%(~,)> (22) 
&&‘~,) = u-%,(F,). (23) 
These properties are an immediate consequence of the following obvious 
relations: 
and 
{x E E inf{ F,(x)} = I}} = n{x: F,(x) = I> 
{x E r: sup(F,(x)} = l}} = u{x: F,(x) = l> 
{x E P inf{ F,(x)} E (0, l]} = n{x: F,(x) E (0, l]} 
{x E r: sup{F,(x)} E (0, l]} = u{x: F,(x) E (0, 11). 
On the contrary, the links between the corresponding orthocomplementations 
of $(r> and &‘(I’) do not present the same regular feature, since 
E,n( F’) = b%(JVT (24) 
&,(F’) = b%(W (25) 
5. CLASSICAL FUZZY LOGIC OF WEAK TYPE AND PARTIAL BAER*-RING 
The poset F(r) can be equipped with another orthogonality relation which 
generalized condition (14b), Section 2, which is equivalent to the canonical 
orthogonality on d(r). This orthogonality is weak (and nondegenerate) and can 
be induced by a weak (and nondegenerate) orthocomplementation. 
Em(l-F) F E,,, (1-F) -_---- -------- 
F E,(1-F) F 
FIGURE 2 
Let F E %(I’); then (F-‘(0, 11)” E 6(r) by the measurability of F. The element 
of &‘(I’) defined by 
x~~-l(&l],&) = 1, F(x) = 0 
= 0, F(x) # 0 
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is the least exact event associated to the fuzzy event F’ = 1 - F, that is 
XW-YO.IIF = &(I - F). 
PROPOSITION 5.1. The mapping 
defines a weak nondegenerate orthocomplementation, i.e., satisjks the conditions: 
(i) F CF^“; 
(ii) Fl 2 F2 implies F,^ C F,“; 
(iii) F C F* implies F = 0. 
Proof. In fact 
is the greatest exact event associated to F. 
Let Fl(x) <F&z); then ql(O, l] C F;l(O, l] from which (&?(O, 11)” C 
(cr(O, 11)” follows, and then F,^(x) <F,-(x). Moreover, if 
0 <F(x) < 1, F(x) = 0 
< 0, F(x) # 0 
then F(x) = 0 for every X. 
The orthogonality (of course, weak and nondegenerate) induced by the 
orthocomplementation now introduced is defined by 
and the following proposition shows that 1 is a generalization of (14b), Sec- - 
tion 2: 
PROPOSITION 5.2. The following conditions are equivalent: 
(i) Fi CF,^, 
(ii) Fl n F2 = 0 (inf{F, , F2j = 0), 
(iii) Fl F2 = 0, 
(iv) supp( Fl) n supp( F,) = ;” . 
Proof. Fl CF,^ * Fl(x) < ~(~-q~,r])(x) * inf{F, , Fz} = 0 2 Fl . F, = 0 3 
supp( Fl) n supp( F,) = la => Fl C F,*. 
We remember that a nondegenerate weak orthogonality relation satisfies the 
conditions 
FnF^=O for every F E 9(F), 
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but in general, F u F” = sup{ F, E,(l - 8’)) is different from 1 and 
FuF”=l iff FE 8(r). (1) 
Moreover, 
4 IF, implies Fl@F~=Flj-F~=FlvF~ and F,JF,=F,. (2) - 
We shall observe that FA = E,(l - F) is a Brouwerian complement and, more 
generally, that 9(r) is a Brouwerian u-lattice. Exactly, if GE S(r), the least 
G-event assigned to each F E S(r) is defined by 
L%(F)1 (4 := 1, 1 < G(x) + F(x) 
:= G(x), F(x) + G(x) < 1, 
and the Brouwerian relative complement of F in G is then EG( 1 - F). Therefore 
E,(l - F) = I$,(1 - F). 
For a more detailed iscussion about this argument see De Luca and Termini 
[3]; we only remark that from this point of view 9(r) can be regarded as a 
Brouwerian logic. 
Now let {F,: n E IV} 1 stand for Fj 1 Fj for i # j. We easily deduce from (iv), 
Proposition 5.2, that - 
- 
and 
{F,: n E N} 1 implies {Fn: n E t+J> ltot - 
This last result gives us a relation between the degenerate orthogonal&y (6) 
and the weak orthogonality. Moreover, we can conclude that (9(r), C, 0, 
1, .“) is a weak orthocomplemented ax-orthocomplete u-lattice, i.e., a u-lattice with 
weak orthocomplementation such that for every sequence (F,,: n E N> 1 of 
mutually I-orthogonal elements we get that C F, is an element of 9(r), 
However, from the point of view of the analogies with the mathematical 
structure of the axiomatic foundation of quantum mechanics in Hilbert spaces, 
we are more interested in connecting this weak orthogonality to the algebraic 
operations on fuzzy events. In this manner, the notable property that S(r) 
is closed with regard to product, is entirely utilized. 
Precisely, let us consider 
@(r):=(P: r-c IBE.&-( IPI Eqr)}, 
the set of measurable elements P of J-(r) such that U(E) is contained in the 
closed unit circle of the complex plane. These elements are called complexfuzz~~ 
events. 
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The set g(r) can be considered as an abelian Baer*-semigroup with zero and 
unity: 
@f(r), 0, 0, 1, *, ‘), 
where 0: &z(r) x .9(r)--+ g”(r) is th e usual product between functions, 
observing that this definition is well defined by the property [ p1 0 flZ / = 
1 p1 1 * 1 P, I. The structure (g(r), 0) is obviously an abelian semigroup whose 
unity is the fuzzy event I E g(r) an d h w ose zero is the fuzzy event 0 E s(r). 
The mapping *: @ (r) ---f g(r), which assigns to each p E S@(r) the corres- 
ponding complex coniugate function E* E -g(r>, is a semigroup involution, i.e., 
it satisfies the conditions 
(p*)* = E for every P E .#(r), (3) 
(131 oiQ* =ly OF’: for every P1 , PZ E 4(r). (4) 
In this manner (g(r), 0, *) is an involution semigroup in which we can select 
the set B(r) of projections, where 
9(r):={13E3qr):hA=F* =E: =(xE:EEcqr))=n(r). 
From the theory of Baer*-semigroup (see, for example, [5-7, 141) we know 
that the relation < on P(r) is defined as follows: 
El < Ez iff El = El 0 E, (5) 
is an order relation intrinsic to the structure (.@(r), 0, *) and in our case it is 
exactly the canonical order introduced on n(r) in Section 2 by (12) or (12a). 
The set of fuzzy events is exactly the set 
F(r):={FE3y):F= IFI =F*} 
and, obviously, it is a subsemigroup of g(r). Of course, the projections are also 
fuzzy events. 
At last, ‘: g(r) -+ B(r), is the mapping defined as follows: 
E’ = (I P I--1(0, 11)“. (6) 
If I’, is any fixed element in .@(r) then 
{EE~(r):~so~=o}={PE.~(r):~==~oP). 
With this mapping g”(r) b ecomes a Baer*-semigroup, whose set of cZosed 
projections, denoted by .Y(I’) and defined as 
.9’(r) : = {E E 8(P): (E’)’ = E) 
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is the set of exact events n(r). Therefore, in the Baer*-semigroup g(r) the set 
of projections is identical to the set of closed projections: 
B(r) = B’(r) = II(T). 
The restriction of the mapping (6) to F(r) is the orthocomplementation 
introduced by Proposition 4.4, while the restriction of the mapping (6) to U(r) 
is the canonical orthocomplementation of n(r). 
The following theorem on Baer*-semigroups [ 141 explains the behavior of the 
lattice operations on the Boolean a-lattice &(r) with regard to the product and 
orthocomplementation operations. 
THEOREM 5.3. Let (g(r), 0, 0, 1, *, ‘) be an abelian Baer*-semigroup, and 
let (&(I’), <, 0, 1, ‘) be the subset of closed projections with ordu (5) and ortho- 
complementation (6); then b(r) is a Boolean u-lattice such that 
(a) E1 A E2 = (E1 0 E,)’ o E, = E1 0 E, . 
(b) If El, E1 E g(r), then the following propositions are equivalent: 
(i) there exists {$ , E, , E,,} C b(r) such that 
(ii) E1 0 E2 = E, 0 EI . 
In the generalized approach to axiomatic foundations of quantum mechanics 
(see, for instance, Varadarajan [20, 211, Gudder [lO-12]), the property (b.i) is 
called condition of compatibility of the two events EI and E2 , written E1 t-) E, , 
and is introduced also on an orthocomplemented poset (8, <, 0, 1, ‘), which 
satisfies weaker conditions, i.e., the conditions of orthomodular orthoposet. 
In the generalized case, it might happen that two exact events are not compa- 
tible but the set of exact events of a classical information system has the property 
that every couple of exact events is compatible. 
We shall observe that relative to the mappings E,, and EM introduced in 
Section 3, if FI and F2 belong to F(r) then 
Em(F, OF,) = Em(4 n FJ, (7) 
E,(F, 0 FJ C EM(Fl n %I. (8) 
Besides the structure of Baer*-semigroup, which involves the product 
operation defined on complex fuzzy events, we can utilize the weak orthogonality 
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relation 1 to introduce on g(r) an operation of partial sum. Extending the 
weak orthogonality introduced on F(F) by Proposition 5.2 we can set 
PI lP2 iff &J$=o (i.e., inf{Pi , Pzl = 0), - 
which, according to the Randall definition (see [8, 16]), is an orthogonality 
on a set without order. In this case, denoted by (4(r) x g(r)), = ((p, , pa) E 
80 x ml: 8 I &I we have that the partial operation of sum 
+ : (4(r) x g(r)), -+ 2qq 
defined by 
is well defined, and we can consider the triple 
Pm I, +)I 
which is an abelian partial group; i.e., 
I& , Q I implies PI Q-2 =P* +&; 
there exists 0 E .#(r) such that 
lo, PI & foreveryfiE.@(I’) and O+P=p+O=fi, 
for every p,.(r), there exists -EE$(~) such that 
E+(-E)=(-$)+P=O (notethat{p,-#}_Liffp=O), - 
let {Fi, pa, Fa} 1; then - 
PI + (& + r’,) = (131 + 13,) + 8, . 






In this way (.#(F), 1, f, 0, *, ‘) is a partial Baer*-ring and its positive self- 
adjoint part (F(r), I,+, 0, ‘) is closed re a ive 1 t to the sum operation now 
operation but in thiscase it is not true that FE F(F), with F # 0, implies 
-FE F(r), i.e., F(o is an abelian partial semigroup with unit as regards to 
sum operations. 
The behavior of the mappings E,,, and E,, as to the partial sum operation is 
given by the following properties: 
Gn(F, + F,) 2 -G(F, u FA (14) 
&.dF, + Fz) = &.,(I;, u Fz). (15) 
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At last we can consider the mapping 
for which we get that 
for everyE E @(o; (16) 
(17) 
(18) 
This mapping sends the set of complex fuzzy events into the set of fuzzy 
events and satisfies in particular the property of idempotence. For this reason 
we shall say that I 1 is the canonical fuzzy projection. 
6. CLASSICAL FUZZY LOGIC OF EMPERICAL TYPE 
The classical fuzzy logics previously studied, both the degenerate and the 
weak ones, are relative to the order relation introduced by (6), Section 3. With 
this order, the set of fuzzy events is a distributive u-lattice embedded into the partial 
Baer*-ring of complex fuzzy events. This order is, in a certain sense, “intrinsic” 
to the concrete structure of 9(r), as functional space, rather then to the “phy- 
sical” structure of the classical information system. Since it is this last that can 
be generalized owing to the analogies with similar concrete structures which 
arise in other physical situations, uch as the Hilbert-space model of quantum 
mechanics, we are more interested to the empirical order defined by (5), Section 3. 
We shall called this order “empirical” for if Fl and F2 are two fuzzy events we 
have that F, is “empirically” greater or equal to Fl , inside the considered infor- 
mation system, if and only if for every preparation procedure available in our 
information system, we get that the probability of occurence of F, is always 
greater or equal to the probability of occurence of Fl . 
Property (7) Section 3, gives us the link between the intrinsic (C) and the 
empirical (\o logics. Denoted by Fl v F2 and Fl A F2 , respectively, the lub and 
the glb of (Fl , F,} relative to the empirical order, the most relevant feature of 
the empirical logic compared with the intrinsic one is that, while (g(L), C) is a 
u-lattice, (and then in particular there exist Fl u F, and Fl n F,) in general 
we cannot say that the corresponding elements Fl v F, and Fl A F, exist with 
regard to (.9(r), ,O. This is because, for instance, besides the upper bounds of 
{Fl , F,} relative to the intrinsic order, which of course are also upperbounds of 
{ Fl , F,} relative to the empirical order, there could be other empirical upper 
bounds with the possible result that Fl v F2 does not exist. 
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At any rate, we observe that if Fl v F, exists then 
F,vF,<F~uF,. 
However, the empirical fuzzy logic is in general a poset with the property 
that the mapping F' = 1 - F defined by Proposition 4.2 is again a ‘degenerate 
orthocomplementation. Indeed F” = F is trivially true for every FE 9’(r) and 
moreover, the condition that 
Fl <Fz implies F; <F; (1) 
follows from 0 < p(F) + p(F') = p(1) f or every FE 9(F) and every p E g(r) 
In general, no other order properties are satisfied by a classical information 
system. In particular, the element F v F' in general does not exist and if F v F' 
exists for a certain F E S(r) then in general F v F' < 1. 
An extreme case, from this point of view, is that of a totally or atomic classical 
information system, i.e., of a classical information system for which the following 
conditions hold: 
(tc.i) {x} E 6(r) for every .r E r. 
(tc.ii) The Dirac measures ~(~1,~ , defined as 
Pkd,k(E) := k {x} GE 
.- .- 0, (x} CEC, 
are in S?(r) for every {x} and every k E 08, . 
In this case the intrinsic and the empirical orders are the same: 
F,CF, iff Fl dJ-2. (2) 
Indeed, from (7), Section 3, we must prove only that Fl < F, implies Fl C F, . 
But Fl <F, implies that p(F,) <p(F,)f or every p E g(r) and then in particular, 
setting more somply ~(~1 instead of pf2).r , we get that 
F,(x) = /w(Fd G ~cz#,) = F&d 
is true for every x E r, i.e., Fl C F2 . 
Therefore, the empirical logic of fuzzy events in a totally classical information 
system is also a distributive a-lattice with degenerate orthocomplementation. 
Generalizing the statistical mechanics interpretative rules we can regard r as 
a generalized phase-pace, the elements of r as the “microstates” of the physical 
system, and any singleton (x} as the event that the microstate of the system is 
exactly X. By the property that 
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we get that P(~},~, for any k E R, , is a preparation procedure, performed by 
certain macroscopic apparatuses, which provide ensembles of physical systems 
with the exact microstate X. 
Another interesting case is that of a classical information system whose total 
structure is such that the induced empirical fuzzy logic is an orthomodular 
a-orthoposet. This is the logic of a physical system which exhibits quantum 
effects according to the generalized approach to axiomatic foundation of quan- 
tum mechanics (see, for instance, [I 1, 14, 201). Unlike the totally classical 
information systems, the quantum logics require at least that 
FvF’=l for every F E .9(F), (3) 
that is, the orthocompkmentation must be not degenerate relative to the empirical 
order, and that 
if {F,: 11 E N} 1 then VF, exists in 9(r); that is, (S(r), <, ‘) (4) 
must be a a-orthoposet. 
In this case ($(I’), A?(T)) is a quantum information system for which (I’,&(r), 
S?(r)) can be regarded as the underlying classicalpattern. We shall observe that 
if all the Dirac measures belong to a(F), then F u F’ = 1 for every FE S(T) 
follows from condition (2), and thus from Proposition 4.3 we get that S=(r) = 
W-7 
In this way the corresponding quantum logic is the classical one and it does 
not turn out to be very interesting from the point of view of considering quantum 
systems as fuzzy structures of a classical information pattern. Therefore, if we 
want a quantum information system which is not trivially coinciding with its 
classical pattern, some classes (~(~1.~: k E R,} of Dirac measures, for a fixed 
x E J’, must not belong to B(r>. Physically, this means that it is not possible with 
the experimental apparatuses available in g’(r) to prepare the physical system in 
all the possible microstates of I’. In a certain sense, this is a weak form of the 
indetermination principle for which some microstates can be prepared only in a 
fuzzy way. 
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